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Abstract
In this article, we prove the global existence of the three-dimensional
inhomogeneous incompressible magneto-hydrodynamic system under the
assumptions that the initial velocity ﬁeld and the initial conductivity are small in the
critical space B˙1/22,1 (R
3).
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1 Introduction
In this paper, we consider the three-dimensional inhomogeneous incompressible mag-
neto-hydrodynamics (MHD) which describes the coupling between the inhomogeneous




∂tρ + div(ρu) = , (t,x) ∈R+ ×R,
∂t(ρu) + div(ρu⊗ u) – div(μM) +∇ = B · ∇B,
∂tB + u · ∇B –B = B · ∇u,
divu = , divB = ,
ρ|t= = ρ, ρu|t= =m, B|t= = B,
(.)
where the unknowns are the density ρ , the velocity u = (u,u,u), the magnetic ﬁeld B =
(B,B,B), and the pressure function.M =  (∂iuj + ∂jui) is the deformation tensor and,
in general, the viscosity coeﬃcient μ is a smooth, positive function of the density ρ .
For the inhomogeneous MHD system (.), many results have been obtained. Gerbeau
and Le Bris [, ], obtained global existence of weak solutions in whole space R or in
the torus T. Abidi and Hmidi [] proved the global existence of strong solutions with
small initial density in Besov spaces. Moreover, Abidi and Hmidi [] allowed for variable
viscosity and conductivity coeﬃcients but made the essential assumption that the initial
data are closed to a constant state. Chen et al. [] established the local strong solution in
the presence of vacuum under the assumptions that both conductivity and viscosity are
constants. The global existence of strong solutions was obtained by Huang andWang [].
Recently, Gui [] showed global well-posedness of the two-dimensional inhomogeneous
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MHD system with a constant viscosity and variable conductivity coeﬃcients, but without
the small density assumption.
If there is no magnetic ﬁeld (B = ), the MHD system turns out to be the inhomoge-
neousNavier-Stokes equations. In fact, due to the similarity of the second equation and the
third equation in (.), the study of the MHD system has been along with that for Navier-
Stokes one. There are a lot of studies of incompressible inhomogeneous Navier-Stokes
equations. We should mention that Abidi et al. [] proved the local well-posedness of the
three-dimensional inhomogeneous incompressible isentropic Navier-Stokes equations in
critical spaces but without the small density assumption. Motivated by [], we shall in-
vestigate the global well-posedness of the -D incompressible inhomogeneous MHD (.)
with constant viscosity coeﬃcient in the critical spaces.
If the density ρ is away from zero, we denote a def= ρ– –  and μ˜(a) def= μ(ρ), then the




∂ta + u · ∇a = , (t,x) ∈R+ ×RN ,
∂tu + u · ∇u + ( + a)(∇ – div(μ˜(a)M)) = ( + a)B · ∇B,
∂tB + u · ∇B –B = B · ∇u,
divu = , divB = ,
(a,u,B)|t= = (a,u,B).
(MHD)





∂ta + u · ∇a = , (t,x) ∈R+ ×R,
∂tu + u · ∇u + ( + a)(∇ –u) = ( + a)B · ∇B,
∂tB + u · ∇B –B = B · ∇u,







∂tρ + u · ∇ρ = , (t,x) ∈R+ ×R,
∂t(ρu) + div(ρu⊗ u) –u +∇ = B · ∇B,
∂tB + u · ∇B –B = B · ∇u,
divu = , divB = ,
(a,u,B)|t= = (a,u,B).
(.)
Our main result in this paper is as follows.
Theorem . Let a ∈ B/, (R), u ∈ B˙/, (R), and B ∈ B˙/, (R) with divu = , divB =
, and
 + a ≥ b (.)
for some positive constant b. There exists a small constant c depending on ‖a‖B/, so that
if
‖u‖B˙/, + ‖B‖B˙/, ≤ c,
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then (.) has a unique global solution (a,u,B) satisfying












+ ‖∇‖Lt (B˙/, )
≤ C(‖a‖B/, + ‖u‖B˙/, + ‖B‖B˙/, + 
)
exp{C√t} for any t > . (.)
We nowmake some comments on the analysis of this paper.Motivated by [], in order to
prove the global well-posedness of Theorem ., we note that as long as ‖u‖B˙/, +‖B‖B˙/,
is suﬃciently small, the lifespan of the local solution thus obtained should be greater than


















∂tv + v · ∇v –v +∇v = ,
div v = ,
v|t=t = u(t),
(.)




∂tρ + div(ρ(v +w)) = ,
ρ∂tw + ρ(v +w) · ∇w –w +∇w = ( – ρ)(∂tv + v · ∇v) – ρw · ∇v + B · ∇B,
∂tB + (v +w) · ∇B –B = B · ∇(v +w),
divw = , divB = ,
ρ|t=t = ρ(t), w|t=t = , B|t=t = B(t).
(.)
The rest of the paper is organized as follows. In Section , we collect some elementary
facts on Littlewood-Paley analysis that will be used later; then in Section , based on the
local existence of the solutions and the priori estimates, we prove Theorem . by a stan-
dard continuity argument.
2 Preliminaries
Let us brieﬂy explain how we may proceed in the case x ∈ R (see e.g. []). Let ϕ be a







=  for ξ = .
Then, for u ∈ S ′(R), we set
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where P[R] is the set of polynomials (see []). Moreover, the Littlewood-Paley decom-
position satisﬁes the property of almost orthogonality:
˙k˙qu≡  if |k – q| ≥  and ˙k(S˙q–u˙qu)≡  if |k – q| ≥ . (.)
We recall now the deﬁnition of the homogeneous Besov spaces from [].







• For s < p (or s =

p if r = ), we deﬁne B˙sp,r(R)
def= {u ∈ S ′(R) | ‖u‖B˙sp,r <∞}.
• If k ∈N and p + k ≤ s < p + k +  (or s = p + k +  if r = ), then B˙sp,r(R) is deﬁned as
the subset of distributions u ∈ S ′(R) such that ∂βu ∈ B˙s–kp,r (R) whenever |β| = k.
Lemma . (Bernstein-type lemma [–]) Let B be a ball and C a ring ofR.A constant
C exists so that for any positive real number λ, any non-negative integer k, any smooth
homogeneous function σ of degree m, and any couple of real numbers (a,b) with b≥ a≥ ,
we have

















La ≤ C+kλk‖u‖La .
(.)
Deﬁnition . (see [, ]) Let s ≤ p (respectively, s ∈ R), (r,λ,p) ∈ [, +∞], and T ∈


















with the usual change if r = ∞. For brevity, we just denote this space by L˜λT (B˙sp,r). In the
particular case when p = r = , we denote this space by L˜λT (H˙s).
3 Global existence of (1.2)
We start with the local existence of strong solutions whose proof can be found in Theo-
rem . of [].
Lemma . Under the assumptions of Theorem ., a positive time T exists so that
(.) has a unique local solution a ∈ Cb([,T];B/, (R)); u,B ∈ Cb([,T]; B˙/, (R)) ∩














δτ ≤ C(‖u‖B˙/, + ‖B‖B˙/,
)
. (.)
Similar to Theorem  in [], we can obtain a higher-order regularity of the local solution
to (.) as follows.
Ai and Li Boundary Value Problems  (2015) 2015:218 Page 5 of 14
























Remark . Thanks to (.) and (.), there exists t ∈ (, ) so that u(t),B(t) ∈ B˙/, (R)∩
B˙/, (R) and it satisﬁes (.).
We are in a position to prove Theorem ..
Proof of Theorem . Thanks to Lemma ., we conclude that: given a ∈ B/, (R), u,B ∈
B˙/, (R) with ‖u‖B˙/, + ‖B‖B˙/, suﬃciently small, (.) has a unique local solution (a,u)
satisfying a ∈ C([,T∗);B/, (R)), and u,B ∈ C([,T∗); B˙/, (R))∩Lloc((,T∗); B˙/, (R)) for
some T∗ > . Our aim o is to prove that T∗ =∞.
As ‖u(t)‖B˙/,∩B˙/, , ‖B(t)‖B˙/,∩B˙/, is very small provided ‖u‖B˙/, , ‖B‖B˙/, is suﬃciently
small. Let v solve the classical Navier-Stokes system (.). As u(t) is suﬃcient small in
B˙/, (R), it follows from the classical theory of Navier-Stokes equations [] that (.) has
a unique global solution v ∈ C([t, +∞); B˙/, )∩ L([t, +∞); B˙/, ) satisfying























With v thus obtained, we denote w def= u – v. Then, thanks to (.) and (.), w, B solves
(.). Then the proof of Theorem . reduces to proving the global well-posedness of (.).
For simplicity, we just present the a priori estimates for smooth enough solutions of (.)
on [,T∗).
3.1 The higher regularities of v
Proposition . ([]) Let (v,v) be the unique global solution of (.)which satisﬁes (.).












L([t,+∞);B˙s,) ≤ C‖u‖B˙/, . (.)
Corollary . ([]) Under the assumptions of Proposition ., one has
‖∇v‖L([t,+∞);L∞) + ‖v –∇v‖L([t,+∞);L∞) ≤ C‖u‖B˙/, . (.)
3.2 The estimate of (w,B)
Lemma . (L estimate of (w,B)) We have for t < t < T∗,
‖w‖L∞([t,t];L) + ‖∇w‖L([t,t];L) + ‖B‖L∞([t,t];L) + ‖∇B‖L([t,t];L)
≤ C(‖u‖B˙/, + ‖B‖B˙/,
)
(.)
with C being independent of t.
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Proof First of all, thanks to (.), one deduces from the transport equation of (.) that
(
 + ‖a‖B˙/,
)– ≤ ρ(t,x)≤ b–, (.)


















L + ‖∇B‖L =
∫
R
(B · ∇v · B + B · ∇w · B)dx;
thanks to divB = , one has
∫
R
B · ∇w · Bdx +
∫
R













( – ρ)(∂tv + v · ∇v) ·w + ρw · ∇v ·w + B · ∇v · B
)
dx











≤ C(‖√ρw‖L‖a‖L‖∂tv + v · ∇v‖L∞ + ‖∇v‖L∞
(‖√ρw‖L + ‖B‖L
))
≤ C((‖√ρw‖L + ‖B‖L



















































≤ C(‖u‖B˙/, + ‖B‖B˙/,
)
.
Plugging the above estimate into (.) gives rise to




This completes the proof of Lemma .. 
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Lemma . (H estimate of (w,B)) There exist two positive constants c and c such that













with C being independent of t.
Proof Taking the L inner product of the w equation of (.) with 
ρ



































+ ‖w‖L‖∇v‖L∞ + ‖∇w‖L





















≤ C‖∇w‖L‖v‖L∞ + ‖w‖L‖w‖L + ‖w‖L‖∇v‖L∞
+ ‖∇w‖L + ‖v –∇v‖L∞ + ‖B‖L‖B‖L .
Again thanks to the w equation of (.) and divw = , one has








































+ ‖∇w‖L‖v‖L∞ + ‖w‖L‖∇v‖L∞
+ ‖v –∇v‖L∞ + ‖B‖L‖B‖L
}
. (.)












+ ‖∇B‖L‖v‖L∞ + ‖B‖L‖∇v‖L∞
}
. (.)










∥∇w∥∥L + ‖∇w‖L‖v‖L∞ + ‖w‖L‖∇v‖L∞
+ ‖v –∇v‖L∞ + ‖B‖L‖B‖L
)
. (.)
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(‖∇w‖L‖v‖L∞ + ‖w‖L‖∇v‖L∞ + ‖v –∇v‖L∞







)‖∇v‖L∞ + ‖v –∇v‖L∞
)
. (.)
Now let τ ∗ be determined by

















We claim that τ ∗ = T∗ provided that ‖u‖B˙/, +‖B‖B˙/, is suﬃciently small. Otherwise for


















)‖∇v‖L∞ + ‖v –∇v‖L∞
)
. (.)
ApplyingGronwall’s inequality to (.) and using (.), (.), (.), and (.) together with




























































provided that ‖u‖B˙/, +‖B‖

B˙/,
≤ CCC , which contradictswith (.). This in turn shows
that τ ∗ = T∗. Then integrating (.) and using (.) leads to (.). This completes the
proof of the lemma. 












(∇w,∇B)∥∥L([t,t],L) ≤ C. (.)
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Proof Step . L estimate of (√ρwt ,Bt).
We get by ﬁrst acting ∂t to the w equation of (.) and then taking the L inner product






























∂t(B · ∇B)wt dx
def= I + II + III + IV . (.)
The estimates of I , II , and III are similar to [],

















































Bt · ∇B ·wt dx +
∫
R





≤ ε‖∇wt‖L +Cε‖Bt‖L‖∇B‖L‖∇B‖L .
















L + ‖vt‖L∞ + ‖∇vt‖L
]
+C‖√ρwt‖L
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On the other hand, acting by ∂t to the B equation of (.) and then taking the L inner










Bt · ∇(v +w) · Bt + B · ∇(v +w)t · Bt – (v +w)t · ∇B · Bt dx





















+ ‖∇Bt‖L + ‖∇wt‖L

































≤ C(f(t) + f(t)
)(‖√ρwt‖L + ‖Bt‖L
)
+ f(t) + f(t).
We use


















L + ‖vt‖L∞ + ‖∇vt‖L .






































































However, notice that B˙/, ↪→ L∞, B˙, ↪→ L, B˙/, ↪→ L, and we deduce from (.), (.),
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with C being independent of t. Taking the L inner product of the w, B equation of (.)



























































































































































′ ≤ C. (.)
Step . The estimate of (∇w,∇B).
We ﬁrst observe from the w and B equation of (.) that
∥







{‖√ρwt‖L + ‖∇w‖L + ‖∇B‖L




∥∇B∥∥L ≤ ‖Bt‖L +
∥
∥(v +w) · ∇B∥∥L +
∥







+ ‖Bt‖L + ‖v‖L∞‖∇B‖L + ‖∇v‖L∞‖B‖L
}
,












) ≤ C. (.)
On the other hand, let (v,q) solve
–v +∇q = f , div v = .
Then one has ∇q = –∇(–)– div f and, for any r ∈ (,∞),
‖∇q‖Lr ≤ C‖f ‖Lr and ‖v‖Lr ≤ C‖f ‖Lr ;
from this and the w equation of (.), we infer
∥
∥∇w∥∥L + ‖∇w‖L ≤ C






L‖∂tv + v · ∇v‖L∞ + ‖B · ∇B‖L
)
,
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which along with (.) implies
∥
∥∇w∥∥L + ‖∇w‖L






















∥∇B∥∥L + ‖v‖B˙/, + ‖v‖B˙/,
)
.

























∥∇B∥∥L + ‖v‖B˙/, + ‖v‖B˙/,
)
.














This completes the proof of the lemma. 
3.3 Proof of Theorem 1.1
We ﬁrst rewrite the momentum equation in (.) as
∂tu + u · ∇u –u +∇ = ( – ρ)(∂tu + u · ∇u) + B · ∇B.
Then it follows from the classical theory of the homogeneous Navier-Stokes equations
(see [] for instance) that with t ∈ [t,T∗),















+ ‖B · ∇B‖L([t,t];B˙/, ). (.)
Applying the product law in Besov spaces gives
∥




≤ C‖ – ρ‖L∞([t,t];B˙/, )‖∂tu + u · ∇u‖L([t,t];B˙/, ).
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Yet thanks to Lemma . and (.), one has







≤ C(t/ + ),






‖B · ∇B‖L([t,t];B˙/, ) ≤ C
∫ t
t
‖B‖H˙‖∇B‖H˙ dt′ ≤ C
∫ t
t
‖∇B‖L‖B‖L dt′ ≤ C.
Thanks to Theorem . in [] and Proposition  in [], we have
‖ – ρ‖L˜∞([t,t];B˙/, )


























∥∇w∥∥/L + ‖v‖B˙/, ,
which along with (.) and (.) implies
‖∇u‖L([t,t];L∞) + ‖u‖L([t,t];B˙/, )
≤ C‖u‖L([t,t];B˙/, ) ≤ C





≤ C( + t/).
Therefore, we obtain
∥













Then applying Gronwall’s inequality to (.) gives rise to
‖u‖L˜∞([t,t];B˙/, ) + ‖u‖L([t,t];B˙/, ) + ‖∇‖L([t,t];B˙/, )
≤ C exp{C√t}(‖u‖B˙/, + ‖a‖B/, +C
)
. (.)
We ﬁrst observe from the B equation of (.) that
∂tB –B = u · ∇B + B · ∇u.
Similarly, we get





+ ‖u · ∇B‖L([t,t];B˙/, ) + ‖B · ∇u‖L([t,t];B˙/, )
≤ C‖B‖B˙/, +C. (.)
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From (.), (.), and (.), we infer by a standard argument that T∗ = ∞. Moreover,
the global solution thus obtained, (a,u,B,), satisﬁes (.). This completes the proof of
Theorem .. 
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